Rules for integrands of the form u (e + fx)" (a + b Trig[c +dx])P

(e+fx)"Trig[c+dx]"
1.J dx

a+bSin[c+dx]

(e+fx)"sin[c+dx]"
1: j dx when (m | n) €Z*

a+bSin[c+dx]

Derivation: Algebraic expansion

Basis; = .. &= _ _az"?

a+bz b b (a+b z)

Rule: If (m | n) € Z*, then

(e+fx)"sin[c+dx]"?

1 a
X — ;J(e+fx)msin[c+dx]"‘1dx—;J dx

a+bSin[c+dx]

(e+Ffx)"sin[c+dx]"
J a

a+bSin[c+dx]

Program code:

Int [ (e_. +F_. *x_) Am_.*Sin[c_.+d_.*x_] "n_./(a_+b_. *Sin[c_.+d_.#x_] ) ,x_Symbol] 8=
1/bxInt [ (e+fxx) mxSin[c+dsx]~(n-1),x] - a/bsInt[ (e+fxx) msSin[c+d*x]*(n-1)/(a+bsSin[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0]

Int[(e_.+f_.#x_)~m_.xCos[c_.+d_.#x_]"n_./(a_+b_.xCos[c_.+d_.*x_]),x_Symbol] :=
1/b*Int[ (e+fxx) mxCos[c+d+x]~(n-1),x] - a/bxInt[(e+fxx)~ mxCos[c+dxx]"(n-1)/ (a+bxCos[c+d*x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]



Rules for integrands involving trig functions

dx when nez*

X J~(e+fx)'"Cos[c+dx]"

a+bSin[c+dx]

dx when me z*

. J(e+fx)mCos[c+dx]

a+bSin[c+dx]

(e+Fx)"Cos[c+dx]
1:J dx whenmez* A a2-b%==0

a+bSin[c+dx]

Derivation: Algebraic expansion

Basis: If a2 - b%? == @,then —CestzL_ . &, 2 i, 26
a+bSin[z] b ib+ae®? b a-ibe?

Basis: If a2 - b2 == @, then —sintzL_ i, 24 i _2ielr
a+b Cos[z] b b+ae'? b a+be'?

Note: Although the first expansion is simpler, the second is used so the antiderivative will be expressed in terms of et +¢x
rather than e-t «c+ax,

Rule:If me z* A a2 - b? == @, then

dx

(e+Fx)"Cos[c+dx] :'1(e+1“x)'"+1 (e+Fx)" et (c+dx)
J dx — - +2j
a+bSin[c+dx] bf (m+1) a-1ibet (c+dx)

Program code:

Int[(e_.+f_.#x_)*m_.xCos[c_.+d_.+x_]/(a_+b_.+Sin[c_.+d_.*x_]),x_Symbol] :
-Ix (e+-F*x) n (m+1)/(b*+'* (m+1) ) + 2xInt [ (e+-F*x) Am*E” (I* (c+dxX) )/ (a-Ixb*xE~ (Ix (c+d*xX))) ,x] /5
FreeQ[{a,b,c,d,e,f},x]| && IGtQ[m,0] && EqQ[a"2-b"2,0]

Int[(e_.+f_.#x_)"m_.*Sin[c_.+d_.*x_]/(a_+b_.*Cos[c_.+d_.*x_]),x_Symbol] :
Ix (e+fxx)~(m+l) /(bafx (mel)) - 2xIxInt[(e+fax) m+E” (I# (C+dxx))/ (a+b*EN (Ix (c+d#x))),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && EqQ[a"2-b"2,0]



Rules for integrands involving trig functions

dx when mez* A a2-b%2>0

X (e+Fx)"Cos[c+dx]
J a+bSin[c+dx]

Derivation: Algebraic expansion

. . . iz iz
Basis: —teslzl— .. 1, : + L =-iy e + =

b Si . .
asbsin(z] a-1\/ a?-b? -ibei? a+\/ a?-b? -ibei?

i i i ie'? ie'?

Basis; —sinfzl . _ i, N i

i - -
a+bCos[z] b b+[a— az—bz)e“ b+[a+ az—bz]e’“ b a\fa2-b? sbeiz  ary/at-b? sbeiz

Note: Although the first expansion is simpler, the second is used so the antiderivative will be expressed in terms of et (+4x
rather than e-t «c+ax,

Rule:If me z* A a? - b%? > @, then

)m+1

(e+Fx)"Cos[c+dx] i(e+fx
J dx — dx

(e+-Fx)'":x=."1 (c+dx) (e+1’x)m«e"l (c+dx)
+j d1X+J
a_«/az_bz _ibei(udx) a+»\¢az_b2 _ibei(udx)

a+bsin[c+dx] T b (me1)

Program code:

Int[(e_.+f_.#x_)m_.xCos[c_.+d_.+x_]/(a_+b_.+Sin[c_.+d_.*x_]),x_Symbol] :
-Ix (e+-F*x) 2 (m+1)/(b*'F* (m+1)) +
Int[ (e+fxx) mxE® (I (c+dx))/ (a-Rt[a"2-b"2,2] -Ixb+E~ (Ix(c+dxx))),Xx]| +
Int[ (e+fxx) mxE” (Ix (c+dxx) )/ (a+Rt[a"2-b"2,2] -IxbxE~ (I (c+d%X))),X]| /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && PosQ[a"2-b"2]

Int[(e_.+f_.#x_)™m_.«Sin[c_.+d_.+x_]/(a_+b_.+Cos[c_.+d_.*x_]),x_Symbol] :
Ix (e+f*x) 2 (m+1)/(b*f* (m+1) ) -
IxInt[ (e+Ffxx)  mxE~ (Ix (c+dxX))/ (a-Rt[a"2-b"2,2] +b*E~ (Ix (c+dxX))),X]| -
IxInt[ (e+fxx) mxE~ (I (c+dX))/ (a+Rt[a"2-b"2,2] +b+EN (I (c+dxX))),X]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && PosQ[a"2-b"2]



Rules for integrands involving trig functions

N J«(e+-Fx)r"Cos[c+dx]

dx when mez* A a2-b%2 30
a+bSin[c+dx]

Derivation: Algebraic expansion

ie]’lz ie]’lz

Basis; —Cesfzl .. _ i, +

i
b Si b [ . .
arbSin[z] ia-\ -a2+b? +bet? ia+\ -a2+b? +bet?

Basis; —sinfzl_ . e e

= = + +
a+b Cos[z] b

ia-\ -a?+b? +ibel? ia+\ -a2+b? +ibel?
Rule:If me z* A a? - b? # @, then

J~(e+-Fx)"'Cos[c+dx] i (e+fx)™ (e +Fx)" et (+d0)
dx — +]]_J

(e+Fx)" et (cxd0
- dlx+1'1j dx
a+bSin[c+dx] bf (m+1) ia-V-a2+b? +bet(c+dx

ia+V-a2+b? +bel (cvdx
Program code:

Int[(e_.+f_.4x_)"m_.«Cos[c_.+d_.*x_]1/(a_+b_.*Sin[c_.+d_.*x_]),x_Symbol] :=
-Ix (e+f*x) 2 (m+1)/(b*f* (m+1) ) +
IxInt[ (e+Ffxx) "mxE~ (Ix (C+dxX))/ (Ixa-Rt[-a"2+b"2,2] +b*E~ (Ix (c+dxX))),Xx]| +
I+Int [ (e+f*x) Am*E” (I* (c+dxXx) )/ (Ixa+Rt[-a”2+b”2,2] +b*E” (Ix (c+d*X))) ,X] /5
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NegQ[a"2-b"2]

Int[(e_.+f_.#x_)"m_.+Sin[c_.+d_.*x_]/(a_+b_.*Cos[c_.+d_.+x_]),x_Symbol] :=
Ix (e+'F*x)"(m+1)/(b*‘F* (m+1) ) +
Int[ (e+fxx) "m+E” (I (c+dx))/ (I*a-Rt[-a”2+4b"2,2] +IxbxE~ (Ix (c+dxx))),Xx]| +
Int [ (e+'F*X) Am*E” (I* (c+dxXx) )/ (Ixa+Rt[-a”2+b"2,2] +Ixb*E” (I* (c+dxx))) ,X] /5
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NegQ[a"2-b"2]



Rules for integrands involving trig functions

dx whenn-1ez*

" J«(e+1=x)'"Cos[c+dx]"

a+bSin[c +dx]

dx whenn-1ezZ*A a2-b%2==0

. (e+fx)"Cos[c+dx]"
j a+bSin[c+dx]

Derivation: Algebraic expansion

Basis: If a2 - b? == @, then —Cestzl_ . 1 _ sin(zl

a+bSin[z] a b

Rule:If n -1 e z* A a? - b? == 9, then

(e+fx)"Cos[c+dx]" 1 . 1 .
j dx — —j(e+-Fx) Cos[c+dx]"‘2dx——j(e+fx) Cos[c+dx]™2Sin[c +dx] dx
a+bSin[c+dx] a b

Program code:

Int[(e_.+f_.#x_)~m_.xCos[c_.+d_.+x_]"n_/(a_+b_.+Sin[c_.+d_.+x_]),x_Symbol] :
1/axInt [ (e+fxx) mxCos[c+d#x]”(n-2),x] -
1/bxInt [ (e+f*x) AmxCos [c+dxX] " (n-2) *Sin[c+d*X] ,x] /3
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[n,1] & EqQ[a"2-b"2,0]

Int[(e_.+f_.#x_)~m_.«Sin[c_.+d_.+x_]"n_/(a_+b_.*Cos[c_.+d_.+x_]),x_Symbol] :
1/a*Int[ (e+fxx) meSin[c+d+x]*(n-2),x] -
1/b+Int[ (e+fxx) msSin[c+d*x]* (n-2) xCos[c+d#x],x]| /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[n,1] & EqQ[a"2-b"2,0]



Rules for integrands involving trig functions

dx whenn-1eZ*A a2-b%>#0 A mez*

. J«(e+-Fx)r"Cos[c+dx]n

a+bSin[c+dx]

Derivation: Algebraic expansion

Basis. _Cos[z]*> __ a _ Sinf[z] _ 22-b?
*asbsin[z] | b2 b b? (a+bsin([z])
Basis: —sinfz1? __ a _ Cosfz] _ a?_p?
. a+b Cos[z] b? b b? (a+b Cos[z])

Rule:lf n-1e€zZ*A a2-b%?+0 A me 2z, then

dx —

J\(e+-Fx)'"Cos[c+dx]"

a+bSin[c+dx]

a2-b? ~(e+fx)"Cos[c+dx]"?
J dx

a m n-2 1 m n-2 czs
—f(erFx) Cos[c +dx] dx-;J(erFx) Cos[c+dx]"?sin[c+dx] dx- —
b

b2 a+bSin[c +dx]

Program code:

Int[(e_.+f_.#x_)"m_.xCos[c_.+d_.*x_]"n_/(a_+b_.*Sin[c_.+d_.#x_]),x_Symbol] :
a/b"2+Int[ (e+fxx)"mxCos[c+d#x]~(n-2),x] -
1/b*Int[ (e+fxx) mxCos [c+dx]~ (n-2) xSin[c+d#x],x]| -
(a%2-b~2) /b 2xInt[ (e+fxx) *mxCos [c+d#x] " (n-2) / (a+bxSin[c+d*x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[n,1] && NeQ[a"2-b"2,0] && IGtQ[m,O]

Int[(e_.+f_.#x_)~m_.«Sin[c_.+d_.#x_]"n_/(a_+b_.*Cos[c_.+d_.*x_]),x_Symbol] :
a/b"2+Int[ (e+fxx) "mxSin[c+d#x]~ (n-2),x] -
1/b+Int[ (e+fxx) mxSin[c+d#x]* (n-2) xCos [c+d#x],X]| -
(a72-b2) /b 2xInt [ (e+fxx) *mxSin[c+dxx] " (n-2) / (a+bxCos [c+d*x]) sx| /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[n,1] && NeQ[a"2-b"2,0] && IGtQ[m,O]



Rules for integrands involving trig functions

3. J~(e+fx)'"Tan[c+dx]"

dx when (m | n) €zZ*
a+bSin[c+dx]

Derivation: Algebraic expansion

BaSiS' Tan[z]P __ Seclz] Tan[z]P-! _ aSec[z] Tan[z]P%

a+bSin[z] b b (a+b Sin[z])

Rule:If (m | n) € z*,then

dx

J~(e+fx)mTan[c+dx]“ a J-(e+-Fx)'"Sec[c+dx] Tan[c +d x]"?

1 n 1
dx — ;J.(erFx) Sec[c+dx] Tan[c +dx]" dlx—;

a+bSin[c +dx] a+bSin[c+dx]

Program code:

Int[(e_.+f_.4x_)*m_.«Tan[c_.+d_.+x_]"n_./(a_+b_.*Sin[c_.+d_.*x_]),x_Symbol] :=
1/b*Int[ (e+fxx) mxSec[c+d«x]«Tan[c+d*x]"(n-1),x]| - a/b*Int[(e+f*x)"m*Sec[c+d*x]*Tan[c+d*x]"(n—1)/(a+b*Sin[c+d*x]),x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]

Int[(e_.+Ff_.#x_) m_.*Cot[c_.+d_.*x_]"n_./(a_+b_.xCos[c_.+d_.*x_]),x_Symbol] :=
1/b*Int[ (e+fxx) mxCsc[c+d+x]+Cot[c+d*x]”(n-1),x]| - a/b*Int[ (e+fxx) mxCsc[c+dxx]*Cot[c+dxx]”(n-1)/ (a+bxCos[c+dxx]),Xx] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0]



Rules for integrands involving trig functions

(e+fx)"Cot[c+dx]"
4: f dx when (m | n) €zZ*

a+bSin[c+dx]

Derivation: Algebraic expansion

BaSiS' Cot[z]" __ Cot[z]" _ bCos[z] Cot[z]"?
: a+bSin[z] a a (a+bSin[z])

Rule:If (m | n) € z*,then

dx — — "Cot[c+dx]"dx - —
a+bSin[c+dx] a a

(e+fx)"Cot[c+dx]" 1 b (e+fx)"Cos[c+dx] Cot[c+dx]"?
J. j(e+fx) j dx

a+bSin[c+dx]

Program code:

Int[(e_.+f_.#x_)~m_.xCot[c_.+d_.+x_]"n_./(a_+b_.*Sin[c_.+d_.*x_]),x_Symbol] :
1/a*Int[ (e+fxx) mxCot[c+dx]"n,x]| - b/a*Int[(e+f*x)"m*Cos[c+d*x]*Cot[c+d*x]"(n—1)/(a+b*sin[c+d*x]),x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]

Int[(e_.+f_.#x_)™m_.*Tan[c_.+d_.*x_]"n_./(a_+b_.xCos[c_.+d_.*x_]),x_Symbol] :
1/a*Int[ (e+fxx) msTan[c+d+x]"n,x]| - b/axInt[(e+Ffxx) mxSin[c+d+x]*Tan[c+d*x]*(n-1)/ (a+bxCos[c+d*x]),x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0]

(e+fx)"sec[c+dx]"
S.J dx

a+bSin[c+dx]

(e+fx)"sec[c+dx]"
1:J dx when mez* A a®?-b?==0

a+bSin[c +dx]

Derivation: Algebraic expansion

Basis: |f a2 — b2 == @, then 1 .. Sec[z]? _ Sec[z] Tan[z]

a+bSin[z] a b

Rule:If me z* A a% - b? == 9, then



Rules for integrands involving trig functions

(e+fx)"sec[c+dx]" 1 1
J dx — —J(e+fx)m5ec[c+dx]""2dlx— —J(e+fx)m5ec[c+dx]"*1Tan[c+dx] dx
a+bSin[c+dx] a b

Program code:

Int[(e_.+f_.#x_)~m_.«Sec[c_.+d_.+x_]"n_./(a_+b_.*Sin[c_.+d_.*x_]),x_Symbol] :
1/a*Int[ (e+fxx) "mxSec[c+d+x]" (n+2),x] -
1/b+Int[ (e+fxx) msSec[c+d*x]~ (n+1) xTan[c+dx],x] /;
FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & EqQ[a"2-b"2,0]

Int[(e_.+Ff_.#x_) m_.*Csclc_.+d_.*x_]"n_./(a_+b_.xCos[c_.+d_.*x_]),x_Symbol] :
1/a*Int[ (e+fxx) "mxCscc+d#x]” (n+2),x] -
1/b*Int[ (e+fxx) msCsc[c+d*x]” (n+1) xCot [c+d*x],Xx] /;

FreeQ[{a,b,c,d,e,f,n},x] & IGtQ[m,0] & EqQ[a"2-b"2,0]

dx whenmezZ* A a®-b2#0 A nez*

). J-(e+-Fx)'"Sec[c+dx]"

a+bSin[c+dx]

Derivation: Algebraic expansion

BaSiS' Sec[z1® __ _ b? + Sec[z]? (a-bSin[z])
* a+bsin[z] (a?-b?) (a+bsin[z]) a2-b?
BaSiS' Csclz1® __ _ b? + Csc[z]? (a-bCos[z])
* a+bCos[z] (a2-b?) (a+bCos[z]) a%-b?

Rule:lfme z* A a2-b? +0 A nez*, then

(e+fx)"sec[c+dx]" b2 (e+fx)"sec[c+dx]"? 1 .
j dx — - j dx + J(e+fx) Sec[c+dx]" (a-bSin[c+dx]) dx
a+bSin[c+dx] a?-b? a+bSin[c+dx] a? - b?

Program code:

Int[(e_.+f_.#x_)~m_.xSec[c_.+d_.+x_]"n_./(a_+b_.+Sin[c_.+d_.*x_]),x_Symbol] :=
-b*2/ (ar2-b*2) +Int [ (e+fxx) *mSec [c+d+x] " (n-2) /(a+bxSin[c+dxx]),x] +
1/ (a*2-b2) +Int [ (e+fxx) m«Sec[c+dxx] " n« (a-bxSin[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[a"2-b"2,0] && IGtQ[n,0]



Rules for integrands involving trig functions

Int[(e_.+f_.#x_) m_.+Csc[c_.+d_.*x_]"n_./(a_+b_.xCos[c_.+d_.*x_]),x_Symbol] :=
-b"2/ (a”2-b"2) »Int[ (e+fxx) *mxCsc[c+d#x]~ (n-2) / (a+bxCos [c+d#Xx]) ,x] +
1/ (a”2-b"2) +Int [ (e+fxx) mxCsc[c+d»x] " n* (a-bxCos [c+dxx]) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && NeQ[a"2-b"2,0] && IGtQ[n,0]

(e+Ffx)"Csc[c+dx]"
6: J dx when (m | n) €Z*

a+bSin[c +dx]

Derivation: Algebraic expansion

BaSiS' Csc[z]" - Cscfz]" _ bCsc[z]"?

a+bSin[z] a a (a+bsSin[z])
Rule:If (m | n) € z*, then

(e+fx)"Csc[c+dx]" 1 . b ~(e+fx)"Csclc+dx]"?
J dx — —j(e+fx) Csc[c+dx]"d1x——j dx
a+bSin[c+dx] a a a+bSin[c+dx]

Program code:

Int[(e_.+f_.#x_)~m_.xCscc_.+d_.+x_]"n_./(a_+b_.*Sin[c_.+d_.*x_]),x_Symbol] :=
1/axInt [ (e+fxx) mxCsc[c+d+x] n,x]| - b/a*Int[(e+f*x)"m*Csc[c+d*x]"(n—1)/(a+b*Sin[c+d*x]),x] /3
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]

Int[(e_.+f_.#x_) m_.*Sec[c_.+d_.*x_]"n_./(a_+b_.xCos[c_.+d_.*x_]),x_Symbol] :=
1/a*Int[ (e+fxx) mxSec[c+d+x]"n,x]| - b/axInt[(e+Ffxx) mxSec[c+d+x]"(n-1)/ (a+bxCos[c+d+x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,O]



Rules for integrands involving trig functions

(e+Ffx)"Trig[c+dx]"
u: J dx

a+bSin[c+dx]

Rule:

J-(e+fx)mTrig[c+dx]" dx J-(e+-Fx)'"Trig[c+dx]“ x

a+bSin[c+dx] a+bSin[c+dx]

Program code:

Int[(e_.+f_.#x_)™m_.«F_[c_.+d_.+x_]"n_./(a_+b_.*Sin[c_.+d_.*x_]),x_Symbol] :
Unintegrable[ (e+fxx) mxF [c+dxx]~n/(a+bxSin[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && TrigQ[F]

Int[(e_.+F_.#x_) m_.*F_[c_.+d_.*x_]"n_./(a_+b_.xCos[c_.+d_.*x_]),x_Symbol] :
Unintegrable[ (e+fxx)~m«F [c+dxx]~n/ (a+bxCos [c+d*x]),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && TrigQ[F]



Rules for integrands involving trig functions

(e+fx)"Cos[c+dx]PTrig[c+dx]"
Z.J dx when (m | n| p) ez*
a+bSin[c +dx]

(e+fx)"Cos[c+dx]PSin[c+dx]"
1:j dx when (m | n|p) ez*

a+bSin[c+dx]

Derivation: Algebraic expansion

Basis: 2 .. &% _ _az"?

a+bz b b (a+b z)

Rule:If (m | n | p) €z*, then

1 N a (e+fx)"Cos[c+dx]PSin[c+dx]"?
dx — —j(e+fx) Cos[c+dx]pSin[c+dx]"‘1d1x——J dx
b b a+bSin[c+dx]

J-(e+fx)"'Cos[c+dx]"Sin[c+dx]"

a+bSin[c+dx]

Program code:

Int[(e_.+f_.#x_)™m_.xCos[c_.+d_.+x_]"p_.#Sin[c_.+d_.*x_]"n_./(a_+b_.*Sin[c_.+d_.#x_]),x_Symbol] :
1/bxInt [ (e+fxx) mxCos [c+d+x] pxSin[c+d#x]~(n-1),x] -
a/bxInt[ (e+fxx) mxCos[c+d+x] pxSin[c+dxx]~(n-1) /(a+bxSin[c+d*x]),x] /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

Int[(e_.+f_.#x_) m_.+Sin[c_.+d_.*x_]"p_.*Cos[c_.+d_.#x_]"n_./(a_+b_.*Cos[c_.+d_.*x_]),x_Symbol] :
1/b*Int[ (e+fxx) mxSin[c+d+x]~pxCos[c+d*x]*(n-1),x] -
a/bxInt [ (e+fx)~m«Sin[c+dxx]"pxCos[c+dxx]”(n-1)/ (a+bxCos[c+dxx]),x] /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0] & IGtQ[p,0]



Rules for integrands involving trig functions

(e+fx)"Cos[c+dx]PTan[c+dx]"
Z:J dx when (m | n|p) ez*

a+bSin[c+dx]

Derivation: Algebraic expansion

BaSiS' Tan[z]P __ Sec[z] Tan[z]P' _ aSec[z] Tan[z]P?

a+bSin[z] b b (a+b Sin[z])

Rule:If (m | n|p) ez, then

(e+fx)"Cos[c+dx]PTan[c+dx]" 1 .
J. dx — —j(e+fx) Cos[c+dx]P*Tan[c +dx]™*dx -
a+bSin[c +dx] b

Program code:

Int[(e_.+f_.#x_)™m_.xCos[c_.+d_.+x_]"p_.+Tan[c_.+d_.*x_]1"n_./(a_+b_.*Sin[c_.+d_.#x_]),x_Symbol] :

1/b*Int[ (e+fxx) mxCos [c+d+x]~ (p-1) xTan[c+d#x]~ (n-1) ,x] -
a/bxInt[ (e+fxx) mxCos[c+d*x]~ (p-1) xTan[c+dxx] " (n-1) /(a+bxSin[c+d+x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

Int[(e_.+f_.#x_) m_.+Sin[c_.+d_.*x_]"p_.*Cot[c_.+d_.#x_]"n_./(a_+b_.*Cos[c_.+d_.*x_]),x_Symbol] :

1/bxInt [ (e+fxx) mxSin[c+d#x]”(p-1) xCot[c+d»x]~(n-1),x]| -
a/bxInt [ (e+fx)"m«Sin[c+d*x]" (p-1) #Cot[c+d*x]" (n-1)/ (a+bxCos[c+d*x]),Xx] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

(e+fx)"Cos[c+dx]PCot[c+dx]"
J dx when (m | n | p) ez*

a+bSin[c+dx]

Derivation: Algebraic expansion

BaSIS. Cot[z]" __ Cot[z]" _ bCot[z]"!Cos[z]
: a+bSin[z] a a (a+bsSin[z])

Rule:If (m | n|p) ez, then

a

o)

(e+Fx)"Cos[c+dx]P*Tan[c+dx]"?

a+bSin[c+dx]

dx

13



Rules for integrands involving trig functions 14

dx

(e+fx)"Cos[c+dx]PCot[c+dx]"dx-—
a

1
dx — -—
a+bSin[c+dx] a

J~(e+fx)'"Cos[c+dx]pCot[c+dx]" J~ bJ~(e+1:x)'"Cos[c+dx]"*1Cot[c+dx]"‘:l

a+bSin[c +dx]

Program code:

Int[(e_.+f_.#x_)m_.xCos[c_.+d_.+x_]"p_.+Cot[c_.+d_.*x_]"n_./(a_+b_.*Sin[c_.+d_.#x_]),x_Symbol] :
1/a*Int[ (e+fxx) mxCos [c+d+x]"pxCot [c+d+x]"n,x]| -
b/axInt[ (e+fxx) mxCos[c+d«x]” (p+1) +Cot [c+d+x]~ (n-1) /(a+bxSin[c+d+x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,0]

Int[(e_.+Ff_.#x_) m_.*Sin[c_.+d_.*x_]"p_.*Tan[c_.+d_.+x_]"n_./(a_+b_.*Cos[c_.+d_.*x_]),x_Symbol] :
1/a*Int[ (e+fxx) "mxSin[c+d+x]"p*Tan[c+d+x]"n,x| -
b/axInt[ (e+fxx) mxSin[c+d+x]* (p+1) xTan[c+d+x]~ (n-1) / (a+bxCos [c+dxx1),x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,0] && IGtQ[p,0]

dx when (m | n|p) ez*

4 J~(e+-Fx)'"Cos[c+dx]"’Csc[c+dx]n

a+bSin[c+dx]

Derivation: Algebraic expansion

BaSIS- Csc[z]" __ Csc[z]" _ _bCsc[z]"?
: a+bSin[z] a a (a+bSin[z])

Rule:If (m | n|p) ez, then

(e+fx)"Cos[c+dx]PCsc[c+dx]"?
dx

(e+fx)"Cos[c+dx]PCsc[c+dx]" 1 b
f dx — —J(e+fx)'"Cos[c+dx]pCsc[c+dx]"d1x——J
a

a+bSin[c+dx] a a+bSin[c+dx]

Program code:

Int[(e_.+f_.#x_)"m_.xCos[c_.+d_.*x_]"p_.*Csc[c_.+d_.*x_]~n_./(a_+b_.+Sin[c_.+d_.*x_]),x_Symbol] :=
1/a*Int[ (e+fxx) "mxCos [c+d#x]"p*Csc[c+d+x]"n,x| -
b/axInt[ (e+fxx) mxCos[c+d+x] p*Csc[c+d+x]~(n-1) /(a+bxSin[c+d*x]),x] /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]



Rules for integrands involving trig functions

Int[(e_.+f_.#x_) m_.+Sin[c_.+d_.*x_]"p_.*Sec[c_.+d_.*x_]"n_./ (a_+b_.xCos[c_.+d_.*x_]),x_Symbol] :=
1/a*Int[ (e+fxx) mxSin[c+d+x]"p*Sec[c+d+x]"n,x| -
b/axInt[ (e+fxx) mxSin[c+d+x]"p*Sec[c+d*x]" (n-1)/ (a+bxCos[c+d*x]),x]| /;

FreeQ[{a,b,c,d,e,f},x] && IGtQ[m,0] && IGtQ[n,8] & IGtQ[p,O]

(e+fx)"Cos[c+dx]PTrig[c+dx]"
U:J dx

a+bSin[c+dx]

Rule:

J(e+fx)mCos[c+dx]PTr'ig[c+dx]“ (e+fx)"Cos[c+dx]PTrig[c+dx]"
dx —>J dx

a+bSin[c+dx] a+bSin[c+dx]

Program code:

Int[(e_.+f_.#x_)m_.xCos[c_.+d_.+x_]"p_.+F_[c_.+d_.*x_1"n_./(a_+b_.xSin[c_.+d_.x_]),x_Symbol] :

Unintegrable[ (e+f+x)mxCos [c+d+x] pF [c+dxx]"n/(a+bxSin[c+dxx]),x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && TrigQ[F]

Int[(e_.+F_.#x_) m_.*Sin[c_.+d_.*x_]"p_.*F_[c_.+d_.#x_]"n_./(a_+b_.*Cos[c_.+d_.*x_]),x_Symbol] :
Unintegrable[ (e+fxx) m«Sin[c+d»x]"pF [c+dxXx]~n/ (a+bxCos[c+d#x]),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && TrigQ[F]



Rules for integrands involving trig functions

(e+Fx)"Trig[c+dx]"
3: J dx when (m|n) €z

a+bSec[c+dx]

Derivation: Algebraic normalization

Basis: —1 .. _Cosiz]

a+bSec[z] b+aCos[z]

Rule: If (m | n) € Z,then

J~(e+fx)'"Tr‘ig[c+dx]" J~(e+-Fx)"'Cos[c+dx] Trig[c+dx]"

dx —
a+bSec[c+dx]

Program code:

Int[(e_.+f_.#x_)™m_.«F_[c_.+d_.#x_]"n_./(a_+b_.xSec[c_.+d_.*x_]),x_Symbol] :
Int [ (e+f*x) mxCos [c+d*Xx] *F[c+d*x]~*n/ (b+axCos [c+d*X]) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && TrigQ[F] & IntegersQ[m,n]

Int[(e_.+Ff_.#x_) m_.«F_[c_.+d_.*x_]"n_./(a_+b_.*Csc[c_.+d_.*x_]),x_Symbol] :
Int [ (e+fxx) mxSin[c+d+x]+F[c+d+x]*n/(b+asSin[c+d+x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && TrigQ[F] & IntegersQ[m,n]

b+acCos[c+dx]

dx
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Rules for integrands involving trig functions

(e+Fx)"Trigl[c +dx]"Trig2[c+dx]P
4:J dx when (m|n|p) ez

a+bSec[c+dx]

Derivation: Algebraic normalization

Basis: —1 .. _Cosiz]

a+bSec[z] b+aCos[z]

Rule:If (m | n | p) €Z,then

J«(e+-Fx)'"Tr‘ig1[c+dx]"Tr‘ig2[c+dx]p (e+Fx)"Cos[c+dx] Trigl[c+dx]"Trig2[c +dx]P
dx —)J

a+bSec[c+dx] b+acCos[c+dx]

Program code:

Int[(e_.+f_.#x_) m_.«F_[c_.+d_.#x_]"n_.G_[c_.+d_.*x_]"p_./(a_+b_.xSec[c_.+d_.*x_]),x_Symbol] :
Int [ (e+f*x) "mxCos [c+d*X] *F [c+d*x]*n*G[c+d*Xx]"*p/ (b+axCos [c+d*X]) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && TrigQ[F] & TrigQ[G] && IntegersQ[m,n,p]

Int[(e_.+Ff_.#x_) m_.#F_[c_.+d_.*x_]"n_.*G_[c_.+d_.*x_]"p_./ (a_+b_.*Csc[c_.+d_.*x_]),x_Symbol] :
Int [ (e+fxx) mxSin[c+d+x]+F [c+d+x]*n«G[c+dxx]~p/ (b+axSin[c+d+x]),x] /;
FreeQ[{a,b,c,d,e,f},x] && TrigQ[F] & TrigQ[G] && IntegersQ[m,n,p]

dx

17



Rules for integrands involving trig functions

Rules for integrands involving trig functions

0. J-Sin[a+bx]"Tr‘ig[c+dx]qdlx

1: JSin[a+bx]pSin[c+dx]qdlx when pezZ* A qez

Derivation: Algebraic expansion

Basis: Sin[v]PSin[w]9= o (ie?V-ie'V)? (iet"-ie'")"

Rule:If pe z* A q € Z,then

1 . . , .
jsin [a+bx]PSin[c+dx]9dx — —— | (Le™® (99 -4 et (999 ExpandIntegrand [ (i e ® **°X) — 4 e @22)P, x] ax
2p+q

Program code:

Int[Sin[a_.+b_.*x_]"p_.#Sin[c_.+d_.*Xx_]"q_.,x_Symbol] :=
1/2~ (p+q) *Int [ExpandIntegrand[ (I/E” (I (c+d#X))-IxE~ (I (c+dxX)))~q, (I/EA (Ix (a+bxx))-I+E~(Ix (a+bxx)))"p,x]1,X] /;
FreeQ[{a,b,c,d,q},x] & & IGtQ[p,0] && Not[IntegerQ[q]]

Int[Cos[a_.+b_.*x_]”p_.*Cos[c_.+d_.*x_]"q_.,x_Symbol] :=
1/2” (p+q) *Int [ExpandIntegrand[ (E* (-Ix (c+d*Xx) ) +E” (I* (c+dxX)))~q, (E* (-I* (a+bxx))+E”~ (Ix(a+b%x))) p,x],x] /;
FreeQ[{a,b,c,d,q},x] & & IGtQ[p,0] && Not[IntegerQ[q]]
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Rules for integrands involving trig functions

2: Jsin[a+bx]pCos[c+dx]qdlx when pezZ* A qez

Derivation: Algebraic expansion

Basis: Sin[v]P Cos[w]® = 5 (ie*V-ie'V)? (e ¥+ e¥)f

Rule:If pe z* A q € Z,then

Jsin [a+bx]PCos[c+dx]%dx — j(e-i (cxd) 4 gt (¢+4)) 9 ExpandIntegrand[ (i e **% - i e* (**X))P x] ax

2P+q

Program code:

Int[Sin[a_.+b_.*x_]"p_.#Cos[c_.+d_.*Xx_]"q_.,x_Symbol] :=
1/2~ (p+q) *Int [ExpandIntegrand[ (E* (-I* (c+d*X) ) +E” (I* (c+dxXx)))~q, (I/E” (I* (a+bxx))-I*xE”(Ix(a+bxx)))”p,x]1,x] /;
FreeQ[{a,b,c,d,q},x] && IGtQ[p,0] && Not[IntegerQ[q]]

Int[Cos[a_.+b_.*x_]"p_.#Sin[c_.+d_.*x_]"q_.,x_Symbol] :=
1/2~ (p+q) *Int [ExpandIntegrand[ (I/E~ (L% (c+dxX))-I*E~ (I (c+d%X)))~q, (EM (~Ix (a+bxx))+EA (Ix (a+bxx))) p,Xx],X] /3
FreeQ[{a,b,c,d,q},x] &% IGtQ[p,0] && Not[IntegerQ[q]]
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Rules for integrands involving trig functions

3: Jsin[a+bx] Tan[c + dx] dx when b?-d? @

Derivation: Algebraic expansion

-1v

Basis:Sin[v] Tan[w] = *— - 5~ - 7550 + 55,
e __ ietVy ielv deltv  _dielV
Basis: Cos [v] Cot[w] = “5— + 1 e2in  1g2iv

Rule: If b2 -4d2 # 0, then

-i(asbx) i (asbx) -1 (a+bx) el (@+bx)

e e
- - + dx
2 2 14+ @2 (c+dx) 9 @21 (c+dX)

jsin[a+bx] Tan[c +d x] dx — J[

Program code:
Int[Sin[a_.+b_.*x_]*Tan[c_.+d_.*x_],x_Symbol] :=
Int[E” (-Ix(a+bxx))/2 - E~(Ix(a+bxx))/2 - E~(-Ix(a+bxx))/ (1+E”(2*Ix (c+d*x))) + E~(Ix(a+bxx))/ (1+E”*(2+Ix(c+dxx))),x] /;

FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

Int[Cos[a_.+b_.*x_]*Cot[c_.+d_.*x_],x_Symbol] :=
Int[I+E~(-Ix(a+b*xx))/2 + IxE"(Ix(a+bxx))/2 - IxE”(-Ix(a+bxx))/ (1-E”(2%I%(c+d*x))) - IxE~(Ix(a+bxx))/ (1-E”(2*Ix (c+d*Xx))),X]
FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

4: Jsin[a+bx] Cot[c+dx] dx when b?-d?#0

Derivation: Algebraic expansion

. . . o e iV elVv e 1V _ elV
Basis: SIn[v] Cot[w] = -5+ 5~ + = - 770,

. . o _j_@*jlv B j_(ej“’ jefiv ]']_(eilv
Basis: Cos [v] Tan[w] == 5 2 T lreziw T q,e2iw

Rule: If b2-4d2 # 0, then

/3
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Rules for integrands involving trig functions
a+b x) ei (a+b x) e—i (a+b x) eﬁ (a+b x)

+ + - dx
2 2 1_ezi(c+dx) 1_e21'1(c+dx)

et

jsin[a+bx] Cot[c+dx] dx — J[

Program code:
Int[Sin[a_.+b_.*x_]#Cot[c_.+d_.*x_],x_Symbol] :=
Int[-E~(-I% (a+bxx))/2 + EA(Ix(a+bxx))/2 + EA(-Ix(a+b#x))/(1-E~(2%I% (c+d%x))) - EA(Ix(a+bxx))/ (1-E~(2%I% (c+dwx))),x] /;

FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

Int[Cos[a_.+b_.*x_]x*Tan[c_.+d_.*x_],x_Symbol] :=

Int[-IxE”(-Ix(a+bxx))/2 - IxE~(Ix(a+bxx))/2 + IxE~(-Ix(a+bxx))/ (1+E~(2%Ix (c+dxx))) + I*E”(Ix(a+bxx))/ (1+E*(2%Ix(c+dxx))),x] /;

FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

a
1: Sin[ ]ndlx when ne z*
c+dx

Derivation: Integration by substitution

Basis: F | —2— | ::—§Subst[F—;‘%L,x, L] o) 2

c+dx c+dx X cidx

Rule: If n € Z*, then

c+dx]

X a n 1 Sin[ax]"
Sln[ ] dx — ——Subst[ — dx, X,
c+dx d x2

Program code:

Int[Sin[a_./(c_.+d_.*x_)]"n_.,x_Symbol] :=
-1/d+Subst [Int[Sin[axx] " n/x"2,x],X,1/ (c+d*x)] /;
FreeQ[{a,c,d},x] && IGtQ[n,0]

Int[Cos[a_./(c_.+d_.*x_)]"n_.,x_Symbol] :=
-1/d*Subst [Int[Cos[a*xx]~n/x"2,Xx],X,1/ (c+d*x)] /;
FreeQ[{a,c,d},x] && IGtQ[n,0]
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Rules for integrands involving trig functions

a+bxqn
2. Sin[ ]dlx when ne z*
c+dx

a+bxqn
1: Sin[ ]c‘ﬂxwhennez*/\ bc-ad#0
c+dx

Derivation: Integration by substitution

b (bc-ad) x
. plasbx] o 1 Fla-g] 1 1
Basis: F [ c+d x } o Subst [ NG s X5 Tax Ox c+d x

Rule:lf nez* A bc-ad # 0,then

(bc-ad) x
d

k

s [b
Sin[a+bx]nd1x — -ESubst[ sm[d
c+dx d

Program code:

Int[Sin[e_.*(a_.+b_.*x_)/(c_.+d_.*x_)]1"n_.,x_Symbol] :=
—1/d*Subst[Int[Sin[b*e/d—e*(b*c—a*d)*x/d]"n/x"z,x],x,l/(c+d*x)] /3
FreeQ[{a,b,c,d},x] && IGtQ[n,0] &% NeQ[bxc-axd,0]

Int[Cos[e_.*(a_.+b_.*x_)/(c_.+d_.*x_)]”n_.,x_Symbol] :=
-1/d*Subst[Int[Cos[bxe/d-e* (bxc-axd) *x/d]”*n/x"2,x],x,1/ (c+d*x)] /;
FreeQ[{a,b,c,d},x] && IGtQ[n,0] && NeQ[bxc-axd,0]

x2

dx, X,

1

c+dx

]
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Rules for integrands involving trig functions

2: JSin[u]“dlx when nez* A u == 22X
c+dx

Derivation: Algebraic normalization
Rule:If n e z* A u == 22X then
c+d x

Jsin[u]" dx — Sin[

Program code:

Int[Sin[u_]"n_.,x_Symbol] :=

Module [ {1st=QuotientOfLinearsParts[u,x]},

Int[Sin[ (1st[[1]]1+1st[[2]]%x)/(1st[[3]]+1st[[4]1]1+x)]1*n,x]] /;
IGtQ[n,0] && QuotientOfLinearsQ[u,Xx]

Int[Cos[u_]”n_.,x_Symbol] :=
Module [ {1st=QuotientOfLinearsParts[u,x]},
Int[Cos[(1st[[1]]+1st[[2]]*x)/ (1st[[3]]+1st[[4]]=*X)]1”n,x] ] /3
IGtQ[n,0] && QuotientOfLinearsQ[u,X]

a+bx

c+dx

n
]dlx
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Rules for integrands involving trig functions

3. |uSin[v]P Trig[w]%9dx
1. |uSin[v]PSin[w]%dx

1: |uSin[v]PSin[w]%dx when w=v

Derivation: Algebraic simplification

Rule: If w = v, then

Program code:

ju Sin[v]PSin[w]%dx — |uSin[v]P*%dx



Rules for integrands involving trig functions

2: [Sin[v]P?Sin[w]9dx when (p | q) eZ*

Derivation: Algebraic expansion

Rule:If (p | q) € z*, then

JSin[v]PSin[w]qdlx — JTrigReduce[Sin[v]PSin[w]q] dx

Program code:
Int[Sin[v_]"p_.*Sin[w_]~q_.,x_Symbol] :=

Int[ExpandTrigReduce[Sin[v]~p*Sin[w]~q,x],x] /;
(PolynomialQ[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x]) &8& IGtQ[p,0] && IGtQ[q,0]

Int[Cos[v_]"p_.*Cos[w_]~q_.,x_Symbol] :=

Int[ExpandTrigReduce[Cos [v]~p*Cos [w]~q,X],X] /;
(PolynomialQ[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x]) && IGtQ[p,0] && IGtQ[q,0]

3:~kasin[v]psin[w]qu when (m | p | q) ez*

Derivation: Algebraic expansion

Rule:If (m | p | q) € z*,then

J}msin[v]psin[w]qu — xmTrigReduce[Sin[v]PSin[w]q]dx

Program code:

Int[x_"m_.xSin[v_]~p_.*Sin[w_]"q_.,x_Symbol] :=
Int[ExpandTrigReduce[x*m,Sin[v]~p*Sin[w]~q,x],x]| /;

IGtQ[m,0] && IGtQ[p,0] && IGtQ[q,0] && (PolynomialQ[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])
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Rules for integrands involving trig functions
Int[x_~m_.xCos[v_]”p_.*Cos[w_]”~q_.,x_Symbol] :=

Int[ExpandTrigReduce [x"m,Cos [v]"p*Cos [w]~q,x],X]| /;
IGtQ[m,0] && IGtQ[p,0] && IGtQ[q,0] &% (Polynomialo_[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])

2. ju Sin[v]P Cos[w]9dx

1: JuSin[v]"Cos[w]"dlx whenw=VA pez

Derivation: Algebraic simplification
Basis: Sin[z] Cos[z] = 3 Sin[2z]
Rule:If w == v A p € Z, then

1
ju Sin[v]? Cos[w]Pdx — . Ju Sin[2v]P dx
2

Program code:

Int[u_.+Sin[v_]"p_.*Cos[w_]"p_.,x_Symbol] :=
1/27p=Int[uxSin[2+v]~p,x] /;
EqQ[w,Vv] && IntegerQ[p]



Rules for integrands involving trig functions

2: [Sin[v]P Cos[w]9dx when (p | q) ezZ*

Derivation: Algebraic expansion

Rule:If (p | q) € z*, then

JSin[v]PCos[w]qu — | TrigReduce[Sin[v]P Cos[w]?] dx

Program code:
Int[Sin[v_]"p_.*Cos[w_]"q_.,x_Symbol] :=

Int[ExpandTrigReduce[Sin[v]~p*Cos[w]~q,x],Xx] /;
IGtQ[p,0] && IGtQ[q,0] && (PolynomialQ[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])

3: [x"Sin[v]P Cos[w]9dx when (m|p|q) ez*

Derivation: Algebraic expansion

Rule:If (m | p | q) € z*,then

J}msin[v]PcOs[w]qu — [ x"TrigReduce[Sin[v]P Cos[w]?] dx

Program code:

Int[x_~m_.*Sin[v_]"p_.*Cos[w_]"q_.,x_Symbol] :=
Int[ExpandTrigReduce[x*m,Sin[v]~p=Cos[w]~q,x],x]| /;
IGtQ[m,0] && IGtQ[p,0] && IGtQ[q,0] && (PolynomialQ[v,x] && PolynomialQ[w,x] || BinomialQ[{v,w},x] && IndependentQ[Cancel[v/w],x])
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Rules for integrands involving trig functions

3. Ju Sin[v]P Tan[w]9dx

1: |Sin[v] Tan[w]"dx when n>0 A X¢V-W A WV

Derivation: Algebraic expansion

Basis:Sin[v] Tan[w] == -Cos[v] + Cos[v -w] Sec[w]
Basis: Cos[v] Cot[w] == -Sin[v] + Cos[v -w] Csc[W]
Rule:lf n>0 A xX¢v-w A w#v,then

Jsin[v] Tan[w]"dx — —JCos[v] Tan[w]" 1 dx + Cos[v-w] |Sec[w] Tan[w]"?dx

Program code:

Int[Sin[v_]«Tan[w_]"n_.,x_Symbol] :=
-Int[Cos[v]*Tan[w]” (n-1),x] + Cos[v-w]xInt[Sec[w]=*Tan[w]”(n-1),x] /;
GtQ[n,0] && FreeQ[v-w,x] && NeQ[w,V]

Int[Cos[v_]*Cot[w_]”n_.,x_Symbol] :=
-Int[Sin[v]«Cot[w]~(n-1),x] + Cos[v-w]+Int[Csc[w]+Cot[w]~(n-1),x] /;
GtQ[n,0] && FreeQ[v-w,x] && NeQ[w,V]
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Rules for integrands involving trig functions

4. Ju Sin[v]P Cot[w]9dx

1: |Sin[v] Cot[w]"dx whenn>0 A X¢V-W A WE£V

Derivation: Algebraic expansion

Basis: Sin[v] Cot[w] == Cos[v] +Sin[v -w] Csc[w]
Basis: Cos[v] Tan[w] == Sin[v] - Sin[v -w] Sec[w]
Rule:lf n>0 A xX¢v-w A w#v,then

Jsin[v] Cot[w]"dx — |[Cos[v] Cot[w]"*dx+Sin[v-w] |Csc[w] Cot[w]"*dx

Program code:

Int[Sin[v_]«Cot[w_]"n_.,x_Symbol] :=
Int[Cos[v]*Cot[w]~(n-1),x] + Sin[v-w]*Int[Csc[w]=xCot[w]”(n-1),x] /;
GtQ[n,0] && FreeQ[v-w,x] && NeQ[w,V]

Int[Cos[v_]*Tan[w_]”n_.,x_Symbol] :=
Int[Sin[v]Tan[w]~(n-1),x]| - Sin[v-w]Int[Sec[w]xTan[w]"(n-1),x] /;
GtQ[n,0] && FreeQ[v-w,x] && NeQ[w,V]

29



Rules for integrands involving trig functions

5. Ju Sin[v]P Sec[w]9dx

1: |Sin[v] Sec[w]"dx whenn>0 A X¢V-W A WV

Derivation: Algebraic expansion

Basis: Sin[v] Sec[w] == Cos[v-w] Tan[w] +Sin[v - w]
Basis: Cos[v] xCsc[w] == Cos[v-w] xCot[w] -Sin[Vv - w]
Rule:lf n>0 A xX¢v-w A w#v,then

Jsin[v] Sec[w]"dx — Cos[v-w] |Tan[w] Sec[w]"*dx+Sin[v-w] [Sec[w]"*dx

Program code:

Int[Sin[v_]#Sec[w_]"n_.,x_Symbol] :=
Cos [v-w] *Int[Tan[w] *Sec [W]~ (n-1) ,x] + Sin[v-w]xInt[Sec[w]”(n-1),Xx] /;
GtQ[n,0] && FreeQ[v-w,x] && NeQ[w,V]

Int[Cos[v_]*Csc[w_]”n_.,x_Symbol] :=
Cos [v-w] *Int [Cot [w] *Csc[w]~(n-1),x] - Sin[v-w]*Int[Csc[w]”(n-1),Xx] /;
GtQ[n,0] && FreeQ[v-w,x] && NeQ[w,V]
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Rules for integrands involving trig functions

6. Ju Sin[v]P Csc[w]9dx

1: |Sin[v] Csc[w]"dx whenn>0 A X¢V-W A WE£V

Derivation: Algebraic expansion

Basis: Sin[v] Csc[w] == Sin[v -w] Cot[w] + COoS[V — W]
Basis: Cos[v] Sec[w] == -Sin[v-w] Tan[w] + COS[V - W]
Rule:lf n>0 A xX¢v-w A w#v,then

Jsin[v] Csc[w]"dx — Sin[v-w] |Cot[w] Csc[w]"™dx+Cos[v-w] [Csc[w]™"dx

Program code:

Int[Sin[v_]Csc[w_]"n_.,x_Symbol] :=
Sin[v-w] *Int [Cot [w]*Csc[w]”(n-1),x] + Cos[v-w]xInt[Csc[w]”(n-1),Xx] /;
GtQ[n,0] && FreeQ[v-w,x] && NeQ[w,V]

Int[Cos[v_]*Sec[w_]”n_.,x_Symbol] :=
-Sin[v-w] *Int[Tan[w] *Sec [w]~ (n-1) ,x] + Cos[v-w]=*Int[Sec[w]”(n-1),x] /;
GtQ[n,0] && FreeQ[v-w,x] && NeQ[w,V]
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Rules for integrands involving trig functions

4: J(e+fx)"' (a+bsin[c+dx] Cos[c+dx])"dx

Derivation: Algebraic simplification
Basis: Sin[z] Cos[z] = 3 Sin[2z]
Rule:

1
J(e+fx)"' (a+bsin[c+dx] Cos[c+dx])"dx — J(e+fx)'" (a+—b$in[2c+2dx]
2

Program code:

Int[(e_.+Ff_.#x_) m_.*(a_+b_.#Sin[c_.+d_.*x_]*Cos[c_.+d_.*x_])"n_.,x_Symbol] :=
Int [ (e+'F*x) Amx (a+b*Sin [2*c+2*d*x]/2) "n,x] /3
FreeQ[{a,b,c,d,e,f,m,n},x]

n

dx
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Rules for integrands involving trig functions 33

5: Jx'" (a+bsin[c+dx]?)"dx whena+b#8 A (m|n)€Z Am>0 A n<0

Derivation: Algebraic simplification
Basis: Sin[z]? == 2 (1-Cos[2z])

Note: This rule should be replaced with rules that directly reduce the integrand rather than transforming it using trig
power expansion!

Rule:lff a+b+@® A (m|Nn) eZ Am>0 A n<0,then

1
Jx"‘ (a+bsin[c+dx]?)"dx — — [x" (2a+b-bCos[2c+2dx])"dx

2"

Program code:

Int[x_"m_.(a_+b_.*Sin[c_.+d_.*x_]"2)~n_,x_Symbol] :=
1/2”n*Int [x"m* (2xa+b-bxCos [2xc+2xd*Xx]) *n,x] /;
FreeQ[{a,b,c,d},x] &% NeQ[a+b,0] && IGtQ[m,0] && ILtQ[n,0] &&% (EqQ[n,-1] || EqQ[m,1] && EgQ[n,-2])

Int[x_"m_.x(a_+b_.*xCos[c_.+d_.*x_]”2)"n_,x_Symbol] :=
1/2”n*Int [x*m* (2xa+b+bxCos [2xCc+2xd*Xx]) *n,x] /;
FreeQ[{a,b,c,d},x] &% NeQ[a+b,0] && IGtQ[m,0] && ILtQ[n,0] && (EqQ[n,-1] || EqQ[m,1] && EgQ[n,-2])

(1=+gx)"I
G:J- dx whenmeZ*A a+b#0 A a+c#0
a+bCos[d+ex]%2+cSin[d+ex]?

Derivation: Algebraic simplification

Basis:a + b Cos[z]?+cSin[z]? =1 (2a+b+c+ (b-c) Cos[22])

Rule:lf mez* A a+b+0 A a+c+0,then



Rules for integrands involving trig functions

(-F+gx)"' (f+gx)m
JN dx — 2~[ dx
a+bCos[d+ex]?+cSin[d+ex]? 2a+b+c+ (b-c)Cos[2d+2eXx]

Program code:

Int[(f_.+g_.*x_)"m_./(a_.+b_.xCos[d_.+e_.*x_]~2+c_.xSin[d_.+e_.*x_]~2),x_Symbol] :=
2+Int [ (f+gsx) m/ (2+a+b+c+ (b-c) xCos [2+d+2xexx]),X] /;
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[m,0] & NeQ[a+b,0] & NeQ[a+c,0]

Int[(f_.+g_.*x_)~m_.xSec[d_.+e_.*x_]"2/(b_+c_.+Tan[d_.+e_.*Xx_]"2),x_Symbol] :=
2*Int[(f+g*x) "m/(b+c+ (b-c) xCos [2xd+2xexX]) ,x] /3
FreeQ[{b,c,d,e,f,g},x] && IGtQ[m,0]

Int[(f_.+g_.*x_)"m_.xSec[d_.+e_.xx_]"2/(b_.+a_.xSec[d_.+e_.*x_]~2+c_.«Tan[d_.+e_.*Xx_]"2),x_Symbol] :=
2+Int [ (f+gsx) m/ (2+a+b+c+ (b-c) xCos [2+d+2xexx]),X] /;
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[m,0] & NeQ[a+b,0] & NeQ[a+c,0]

Int[(f_.+g_.*x_) m_.xCsc[d_.+e_.*x_]"2/(c_+b_.+Cot[d_.+e_.+x_]"2),x_Symbol] :=
2*Int[(f+g*x) "m/(b+c+ (b-c) xCos [2xd+2xexX]) ,x] /3
FreeQ[{b,c,d,e,f,g},x] && IGtQ[m,0]

Int[(f_.+g_.*x_) m_.xCsc[d_.+e_.*x_]"2/(c_.+b_.»Cot[d_.+e_.*x_]"2+a_.+Csc[d_.+e_.*Xx_]"2),x_Symbol] :=
2+Int [ (f+gsx) m/ (2+a+b+c+ (b-c) xCos [2xd+2xexx]),X] /;
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[m,0] & NeQ[a+b,0] & NeQ[a+c,0]
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Rules for integrands involving trig functions

e+-Fx A+BSin[c+dX])
7: j dx when aA-bB:==0

a+b51n[c+dx])

Derivation: Integration by parts

BaS|S |faA bB::@ thenmfﬂu_=_axw_
(a+bSin[c+d x])? ad (a+bSin[c+d x])

Rule:If aA -bB == 9, then

dx — -

(e+-Fx) (A+BSin[c+dx]) B(e+-Fx)Cos[c+dx] Bf Cos[c +dx]
. —_—
J (a+bSin[c+dx])2 ad (a+bsin[c+dx]) adj

— dx
a+bSin[c+dx]

Program code:

Int [ (e_. +‘F_.*X_) * (A_+B_.*Sin [c_.+d_.*x_] )/(a_+b_.*Sin [c_.+d_.*x_] )"Z,X_Symbol] 8
-Bx (e+fxx) xCos [c+dxx] / (axd (a+bxSin[c+dxx])) +
Bxf/ (axd) +Int[Cos [c+dxx]/(a+bxSin[c+d*x]),x] /;

FreeQ[{a,b,c,d,e,f,A,B},x| & EqQ[a*A-bxB,0]

Int[(e_.+Ff_.#x_)*(A_+B_.#Cos[c_.+d_.*x_])/(a_+b_.xCos[c_.+d_.*x_])"2,x_Symbol] :
Bx (e+'F*x) *Sin [c+d*x]/(a*d* (a+bxCos[c+dxx])) -
Bxf/(axd) +Int[Sin[c+dxx]/(a+bxCos[c+dxx]),x] /;

FreeQ[{a,b,c,d,e,f,A,B},x| && EqQ[a*A-bxB,0]



Rules for integrands involving trig functions

B.J‘

(bx)™Sin[a x]"

dx whenac+d=0 Am=2-n
(csinfax] +dxCos[ax])2

X2

1:f dx whenac+d=0
(csinfax] +dxCos[ax])2

Derivation: Integration by parts

H. _ xSin[aX] o 1
Basis:If a ¢ +d = 0, then (cSin[ax]+dxCos[ax])2 Ox ad (cSin[ax]+dxCos[ax])
Basis: If ac +d == 0, then 5, ——*— == {csinfaxl+dxCos[ax])
’ ’ X sinfax] cSinfax]?

Rule: If ac +d == 0, then

2

X X 1 1
J dx — +—J dx
(cSin[ax]+dxCos[ax])2 adsin[ax] (cSin[ax] +dxCos[ax]) d? J sin[ax]?

Program code:

Int[x_"2/(c_.*Sin[a_.#x_]+d_.*x_xCos[a_.*x_])"2,x_Symbol] :=
x/ (axdxSin[axx]« (cxSin[asx]+dxxxCos[a*x])) + 1/d*2+Int[1/Sin[axx]"2,x] /;
FreeQ[{a,c,d},x] &% EqQ[a*c+d,0]

Int[x_"2/(c_.*Cos[a_.#x_]+d_.*x_xSin[a_.#x_])"2,x_Symbol] :=
—x/(a*d*Cos[a*x]*(c*Cos[a*x]+d*x*Sin[a*x])) + 1/d”2xInt[1/Cos[axx]"2,x] /;
FreeQ[{a,c,d},x] &% EqQ[a*c-d,0]

Sin[ax]?
Z:J dx whenac+d=-0

cSin[ax] +dxCos[ax])

Derivation: Integration by parts

bxSin[ax] __ b
(cSin[ax]+dxCos[ax]) ad (cSinfax]+dxCos[ax])

Basis: If a c + d == 9, then

2 - X



Rules for integrands involving trig functions

Basis:If ac+d =0 A m=2-n,then
Ox ((bx)™Sin[ax]"?) = —b—“:;—lL (bx)™2Sin[ax]" 2 (cSin[ax] +dxCos[ax])
Rule:if ac+d =0 A m=2-n,then
Sin[ax]? dx 1 Sin[ax]
Ji(cSin[ax]+dxCos[ax])2 d? x adx (dxCos[ax] +cSin[ax])

Program code:

Int[Sin[a_.+x_]"2/(c_.*Sin[a_.*x_]+d_.+x_xCos[a_.*x_])"2,x_Symbol] :=
1/ (d22%x) + Sin[a*x]/(a*d*x*(d*x*Cos[a*x]+c*Sin[a*x])) /3
FreeQ[{a,c,d},x] && EqQ[a*c+d,0]

Int[Cos[a_.+x_]"2/(c_.xCos[a_.*x_]+d_.+x_Sin[a_.*x_])"2,x_Symbol] :=
1/ (d*2xx) - Cos[a*x]/(a*d*x*(d*x*Sin[a*x]+c*Cos[a*x])) /3
FreeQ[{a,c,d},x] &% EqQ[axc-d,0]
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Rules for integrands involving trig functions

(bx)™Sin[a x]"
3:J dx whenac+d=0 Am=2-n
(csinfax] +dxCos[ax])2

Derivation: Integration by parts

e __ bxSin[ax] _ b

Basis:If ac +d = 0, then (cSin[ax]+dxCos[ax])% Ox ad (cSin[ax]+dxCos[ax])
Basis:If ac+d =0 A m=2-n,then
Ox ((bx)™tsin[ax]"?t) = - &L (bx)™2Sin[ax]"? (cSin[ax] +dx Cos[ax])
Rule:lf ac+d =0 A m=2-n,then

mgs n m-1 g3 n-1 2 -1

J~ (bx)™Sin[ax] dx — b (b x) Sin[a x] _b (n )J(bx)m‘zsin[ax]"'zdx
(csin[ax] +dxCos[ax])? ad (csin[ax] +dxCos[ax]) d?

Program code:

Int[(b_.#x_)"m_sSin[a_.*x_]~n_/(c_.#Sin[a_.*x_]+d_.+x_xCos[a_.*x_])~2,x_Symbol] :
bx (bxx)~ (m-1) #Sin[axx]” (n-1) /(axdx (cxSin[axx] +dxxxCos [a*x])) -
b2+ (n-1) /d*2+Int[ (b#x) ~ (m-2) #Sin[a*x]~ (n-2),x]| /;

FreeQ[{a,b,c,d,m,n},x] && EqQ[axc+d,0] && EqQ[m,2-n]

Int[(b_.#x_)"m_sCos[a_.*x_]~n_/(c_.«Cos[a_.*x_]+d_.+x_sSin[a_.*x_])~2,x_Symbol] :
-b* (bxx) ~ (m-1) *Cos [a*Xx] " (n—l)/(a*d* (cxCos[axx]+dxxxSin[axx])) -
b”2% (n-1) /d*2xInt[ (bxx)~ (m-2) *Cos [a*x] " (n-2) ,x] /;

FreeQ[{a,b,c,d,m,n},x] && EqQ[axc-d,0] && EqQ[m,2-n]
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Rule:lf ac+d =0 A m=n+ 2,then

dx —
cSin[ax] +dxCos[ax])? ad (csin[ax] +dxCos[ax]) d?

J( (bx)™Csc[ax]" b (bx)™?*Csc[ax]"? . b% (n+1) J(bx)'“‘z Csc[ax]™ dx

Int[(b_.#x_)"m_.«Cscla_.*x_]"n_./(c_.xSin[a_.*x_]+d_.#x_xCos[a_.*x_])"2,x_Symbol] :
b* (bxx)~ (m-1) *Csc [a*x]"(n+1)/(a*d* (c*Sin [a*x] +d*x*Cos [a*X] )) +
b”2% (n+1) /d”*2xInt[ (b*x) " (m-2) *Csc[a*x]*(n+2) ,x] /;

FreeQ[{a,b,c,d,m,n},x] &% EqQ[axc+d,0] && EqQ[m,n+2]

Int[(b_.#x_)"m_.«Sec[a_.*x_]"n_./(c_.xCos[a_.*x_]+d_.*x_xSin[a_.*x_])"2,x_Symbol] :
-b* (b*x) ~ (m-1) *Sec[a*x] " (n+1)/(a*d* (c*Cos [axXx] +d*x*Sin[a*X] )) +
bA2% (n+1) /d*2xInt[ (bxx)~ (m-2) *xSec[axx]”" (n+2) ,Xx] /;

FreeQ[{a,b,c,d,m,n},x] &% EqQ[axc-d,0] && EqQ[m,n+2]

9. j(g+hx)p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a>-b*=0 A (2m|n-m) €z

1: J(g+hx)p(a+bSin[e+fx])m(c+dSin[e+fx])"d1x whenbc+ad=0 A a2-b?>==0 AmeZ A n-meZz*

Derivation: Algebraic simplification
Basis:If bc+ad =0 A a?2-b?=-0,then (a+bSin[z]) (c+dSin[z]) ==acCos[z]?
Rule:if bc+ad=0 A a?2-b2==0 AmeZ An-mez*,then

j(g+hx)p (a+bsin[e+fx])" (c+dsin[e+fx])"dx — a’"c’"J-(g+hx)"Cos[e+-Fx]2m (c+dsinfe+fx])""dx

Program code:

Int[(g_.+h_.#x_)"p_.*(a_+b_.#Sin[e_.+f_.xx_] ) m_.(c_+d_.+Sin[e_.+f_.*x_])~n_.,x_Symbol]| :=
a’mxcrmxInt[ (g+hxx) ApxCos[e+Ffxx]~ (2xm) » (c+dxSin[e+fxx])~(n-m),x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] & IntegerQ[m] && IGtQ[n-m,0]
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Int[(g_.+h_.#x_)"p_.*(a_+b_.«Cos[e_.+f_.xx_] ) m_.(c_+d_.xCos[e_.+f_.*x_])~n_.,x_Symbol] :=
armxcrmxInt[ (g+hxx) Ap»Sin[e+Ffxx]~ (2xm) » (c+dxCos [e+fxx])~ (n-m) ,x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && IntegerQ[m] & IGtQ[n-m,0]

2: j(g+hx)p(a+bsin[e+fx])m(c+dSin[e+fx])"d1x whenbc+ad=0 A a2-b?2==Q@ ApeZ A2meZ An-mez*

Derivation: Piecewise constant extraction

Basis:If bc +ad =0 A a?-b? == 0, then 5, (2:b5inlesfx)7 (crdSinfefx])7 __ g
Cos[e+fx]="

Rule:if bc+ad=0 A a2-b2=0 ApeZ A2meZ A n-mezZ*,then

J'(g+hx)p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

gIntPart[m] cIntPart[m] (a +bSin [e +F x] ) FracPartm] (c +dSin [e +F x] ) FracPartm]

Cos [e +f x]ZFr‘acPar‘t[m]

Program code:

Int[(g_.+h_.#x_)"p_.*(a_+b_.+Sin[e_.+f_.xx_] )" m_#(c_+d_.«Sin[e_.+f_.*x_])~n_,x_Symbol] :=
a*IntPart[m] «cAIntPart[m] (a+bsSin[e+fxx])~FracPart[m] (c+d+Sin[e+fxx])~FracPart[m]/Cos[e+f+x]|~(2+FracPart[m])
Int[ (g+h*x) ~p»Cos [e+Fxx]| " (2+m) » (c+dxSin[e+Ffxx])~ (n-m),x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && IntegerQ[p] & IntegerQ[2+m] & IGeQ[n-m,0]

Int[(g_.+h_.#x_)"p_.*(a_+b_.+Cos[e_.+f_.xx_])"m_#(c_+d_.Cos[e_.+f_.*x_])~n_,x_Symbol] :=
a~IntPart[m]«c~rIntPart[m] (a+bxCos[e+fxx])~FracPart[m]«(c+dxCos[e+fxx])~FracPart [m]/Sin [e+fxx]~ (2%FracPart[m])
Int [ (g+h*x) "pxSin[e+fxx]|~ (2#m) x (c+dxCos [e+fxx])~ (n-m),x] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && IntegerQ[p] & IntegerQ[2+m] & IGeQ[n-m,0]

J(g+hx)"Cos[e+fx]2'" (c+dsin[e+fx])""dx
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Rules for integrands involving trig functions

m-1

10: JSec[v]“‘ (a+bTan[v])"dx when €Z Am+n=0

Derivation: Algebraic simplification

Basis: "“Sbe—T:‘[”Z%L —-aCos[z] +bSin[z]

Rule: If % €Z A m+n = 0,then

JSec[v]’“ (a+bTan[v])"dx — J(a Cos[v] +bsSin[v])"dx

Program code:

Int[Sec[v_]"m_.*(a_+b_.*Tan[v_])”n_., x_Symbol] :=
Int[ (axCos[v]+bxSin[v])~n,x] /;
FreeQ[{a,b},x] && IntegerQ[ (m-1)/2] && EqQ[m+n,0]

Int[Csc[v_]"m_.%(a_+b_.xCot[v_])”n_., x_Symbol] :=
Int[ (bxCos[v]+a*Sin[v])~n,x] /;
FreeQ[{a,b},x] && IntegerQ[ (m-1)/2] && EqQ[m+n,0]
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11: JuSin[a+bx]"‘Sin[c+dx]"d1x when (m | n) ez*

Derivation: Algebraic expansion
Rule: If (m | n) € z*,then

Ju Sin[a+bx]"Sin[c+dx]"dx — Ju TrigReduce[Sin[a +bx]"Sin[c +dx]"] dx

Program code:

Int[u_.#Sin[a_.+b_.*x_]"m_.xSin[c_.+d_.*x_]"n_.,x_Symbol] :
Int[ExpandTrigReduce[u,Sin[a+bxx] m+Sin[c+dxx]*n,x],x]| /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0] &&% IGtQ[n,0]

Int[u_.*xCos[a_.+b_.*x_]1”m_.xCos[c_.+d_.*x_]”n_.,x_Symbol] :
Int [ExpandTrigReduce [u,Cos [a+bxx]mxCos [c+d*x] " n,X] ,x] /3
FreeQ[{a,b,c,d},x] && IGtQ[m,0] && IGtQ[n,0]
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Rules for integrands involving trig functions

12: JSec[a+bx] Sec[c+dx] dx whenb?-d?=0 A bc-ad#0

Derivation: Algebraic expansion

Basis: If b>-d?>==0 A bc-ad +0,then

Sec[a+bx] Sec[c+dx] == —Csc{bcd;ad} Tan[a + b x] +Csc{%] Tan[c +d x]

Rule:1f b>-d?==0 A bc-ad # 0,then

bc-ad bc-ad

b

JSec[a+bx] Sec[c+dx] dx — -Csc[ ]jTan[a+bx]dlx+Csc[ ]JTan[c+dx] dx

Program code:

Int[Sec[a_.+b_.*x_]*Sec[c_+d_.xx_],x_Symbol] :=
-Csc[ (bxc-axd) /d] *Int[Tan[a+bxXx],x] + Csc[ (bxc-axd)/b]*Int[Tan[c+dxx],x] /;
FreeQ[{a,b,c,d},x] && EqQ[b”2-d"2,0] && NeQ[bxc-axd,0]

Int[Csc[a_.+b_.*x_]*Csc[c_+d_.xx_],x_Symbol] :=
Csc[ (bxc-axd) /b]*Int[Cot[a+bxx],x] - Csc[(bxc-a*d) /d]*Int[Cot[c+d*x],x] /;
FreeQ[{a,b,c,d},x] && EqQ[b”2-d"2,0] && NeQ[bxc-axd,0]
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Rules for integrands involving trig functions

13: |Tan[a+bx] Tan[c +dx] dx when b? -

d2==0AbC—ad;&0

Derivation: Algebraic expansion

Basis: If b2 - d% == @,thenTan[a + bx] Tan[c + d x] = -

a o

Rule:l1f b>-d?==0 A bc-ad #0,then

J

Program code:

bx b
Tan[a+bx] Tan[c +d x] dx — -—+—Cos[
d d

Int[Tan[a_.+b_.*x_]*Tan[c_+d_.*x_],x_Symbol] :=
-bxx/d + b/dxCos[ (bxc-axd) /d] *Int[Sec[a+bxx]*Sec[c+d*x],Xx] /;
FreeQ[{a,b,c,d},x] && EqQ[b”2-d*2,0] && NeQ[bxc-axd,0]

Int[Cot[a_.+b_.*x_]*Cot[c_+d_.xx_],x_Symbol] :=
-bxx/d + Cos[ (bxc-axd) /d]*Int[Csc[a+bxx]*Csc[c+d*x],x] /;
FreeQ[{a,b,c,d},x] && EqQ[b”2-d*2,0] && NeQ[bxc-axd,0]

+ 2 Cos|be2d] sec[a+bx] Sec[c+dx]

bc-ad
]JSec[a+bx] Sec[c +dx] dx
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Rules for integrands involving trig functions

14: Ju (acCos[v] +bSin[v])"dx when a% + b? == @

Derivation: Algebraic simplification
Basis: If a2 + b2 == 9,thenaCos[z] +bSin[z] == a e o
Rule: If a2 + b? == 9, then

fu (acCos[v] +bsin[v])"dx — ju (a e

Program code:

Int[u_.+(a_.Cos[v_]+b_.«Sin[v_])~n_.,x_Symbol] :=
Int[ux (axE~(-a/bxv))”n,x] /;
FreeQ[{a,b,n},x] && EqQ[a”2+b"2,0]

av

b

n
)dlx
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Rules for integrands involving trig functions

15. Ju sin[d (a+blog|c x“])z] dx

1: Jsin[d (a+blog|c x"])z] dx

Derivation: Algebraic expansion

Basis: Sin[z] == L e tZ2_ 1 iz

i
2 2
Rule:

Jsin [d (a+bLog[cx"])?] dx — = Je‘ﬂd (asbLog[ex])” gy - 2
2 2

Program code:

Int[Sin[d_.*(a_.+b_.xLog[c_.*x_"n_.])"2],x_Symbol] :=
I/2%Int[E~(-Ixd* (a+bxLog[cxx*n])~2),x] - I/2xInt[E~(Ixd* (a+bxLog[cxx*n])"2),x] /;
FreeQ[{a,b,c,d,n},x]

Int[Cos[d_.*(a_.+b_.xLog[c_.*x_"n_.])"2],x_Symbol] :=
1/2%Int[E~ (-Ixd* (a+bxLog[cxx*n])~2),x] + 1/2xInt[E~(Ixd* (a+bxLog[cxx*n])"2),x] /;
FreeQ[{a,b,c,d,n},x]

Jeid (a+b Log|c x"])l dx

46



Rules for integrands involving trig functions 47

2: J(ex)'“sin[d (a+blLog|c x“])z] dx

Derivation: Algebraic expansion
Basis: Sin[z] ==
Rule:

J(ex)“‘sin[d (a+blLog|c x"])z] dx — i‘J‘(e x)" e id (a+blog[ex"])® gy _ EJ‘(e x)" et d (asbLog[cx])? gy
2 2

Program code:

Int[(e_.*x_)"m_.*Sin[d_.*(a_.+b_.xLog[c_.*x_"n_.])"2],x_Symbol] :=
I/2+Int[ (exx) "m«E~ (-Ixdx (a+bxLog[cxx~n])~2),x] - I/2xInt[ (exx) m«E~ (Ixdx (a+bxLog[cxx”n])"2),x] /;
FreeQ[{a,b,c,d,e,m,n},x]

Int[(e_.*x_)"m_.xCos[d_.x(a_.+b_.xLog[c_.*x_“n_.])"2],x_Symbol] :=
1/2%Int[ (exx) *mxE” (-Ixd* (a+bxLog[c*x*n])"2),x] + 1/2xInt[ (exx) mxE” (Ixdx (a+bxLog[c*xx"n])"2),x] /;
FreeQ[{a,b,c,d,e,m,n},x]



